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Abstract

The inclusion of nonlinear term in heat transfer models makes it very difficult to develop exact analytical
solutions to the problem. Consequently, recourse has been made to numerical or approximate analytical
methods. However, the classical way for finding exact analytical solution is obviously still very important
since it serves as an accurate benchmark for numerical and approximate analytical solutions. Therefore,
in this work, exact analytical solution is developed using Gauss’ hypergeometric function for the nonlinear
equation arising during heat transfer in porous fin. The developed model was validated with numerical
method of solutions and the results were in good agreement. The developed exact analytical model can
be compared with other approximate analytical methods found in the literature which are used for solving
similar problems
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1.0 INTRODUCTION

The quests for enhancement and augmentation of the rate of heat dissipation from
thermal equipment have made the application of porous fins very necessary and this
has led to number of various studies (Ha et al., 2005; Kiwan and Al-Nimr, 2001; Kiwan,
2007; Gorla and Bakier, 2008; Bhanja and Kundu, 2011; Taklifi et al., 2010;
Abbasbandy et al., 2011; Saedodin and Sadeghi, 2013; Hatami et al., 2013, 2014;
Darvishi et al., 2015; and Sobamowo, 2016). The nonlinear heat transfer equations that
evolve during the thermal modeling of porous fin made it very difficult to generate the
exact analytical equation. Consequently, different approximate analytical methods such
as Adomian decomposition method (ADM), spectral collocation method (SCM),
Homotopy perturbation method (HPM), Homotopy analysis method (HAM), least square
method (LSM), variational iterative method (VIM), differential transformation method
(DTM) etc. have been applied to provide approximate analytical solutions to the problem
(Kundu and Bhanja, 2011; Kundu et al., 2012; Taklifi et al., 2010; Saedodin et al., 2011,
Hatami et al., 2013, 2014; Darvishi et al., 2015, Gorla, et al., 2013; Saedodin and
Shahbabaei, 2013; Moradi, et al., 2014; Hoshyar et al., 2015; Rostamiyan et al., 2014,
and Ghasemi et al.,, 2014). However, the applications of the approximate analytical
methods to the nonlinear equations present explicit approximate analytical solutions
which often involved mathematical expressions leading to analysis involving large
number of terms. In practice, results from such analysis with large number of terms and
conditional statements for the solutions are too complex for use by engineers.
Consequently, in some other research, recourse has been made to numerical methods
in solving the nonlinear problems (Kiwan and Al-Nimr, 2001; Kiwan, 2007; Kiwan and
Zeitoun, 2008). However, the classical way of finding exact analytical solution is
obviously still very important since it serves as an accurate benchmark for numerical
solutions. Exact analytical expressions are required to show the direct relationship
between the models parameters. When such exact analytical solutions are available,
they provide good insights into the significance of various system parameters affecting
the phenomena as it gives continuous physical insights than pure numerical or
computation methods. Therefore, in this study, exact analytical solutions are developed
for the nonlinear heat transfer equation in porous fin subjected to magnetic field with
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temperature-dependent internal heat generation. It is hope that the developed exact
analytical model will be useful in comparison with other approximate analytical methods
found in the literature for similar problems.

2.0 METHODOLOGY

2.1 Theoretical Framework

Consider a porous fin of rectangular profile with temperature-dependent of length L,
thickness & and thermal conductivity K, that is exposed on both faces to an environment
of convective heat flow and moist air at temperature T_and with heat transfer co-

efficient h shown in Figure 1. In developing the heat transfer model, the following
assumptions were made. Porous medium is homogeneous, isotropic and saturated with
a single phase fluid

1. Physical properties of solid, as well as fluid are considered as constant except
density variation of liquid, which may affect the buoyancy term where Boussinesq
approximation is employed.

Fluid and porous mediums are locally in thermodynamic equilibrium in the domain.
Surface convection, radiative transfers, and non-Darcian effects are negligible and
only natural convection is considered. Heat is transferred away from the fin base
only through the pores i.e. no convective heat transfer to the surrounding.

4. The temperature variation inside the fin is one-dimensional i.e. temperature varies

along the length only and remain constant with time.
5. There is no thermal contact resistance at the fin base and the fin tip is an adiabatic

type.

wn

Following the model assumptions, the thermal energy balance could be expressed as in
Eq. 1

q . _
a, [qx+5—dxj mc, (T -T,) (1)

The mass flow rate of the fluid passing through the porous material can be written as in
Eq. 2
m = pu(x)Wdx (2)
From the Darcy’s Model (1856), Eq. 3 is derived

K
u(x):%(T -T,) )

Therefore, Eg. 1 becomes Eq. 4
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Figure 1: Schematic of the longitudinal natural convection porous fin

As dx—0, Eq. 4 reduces to Eq. 5

99 _ peOK/

—T)?
SX v (T=T.) (5)
From Fourier’s law of heat conduction, Eq. 6 is expressed as:
dT (6)
= —k _—
q eff '%r dX
Substituting Eg. 6 into Eq. 5, we have Eq. 7
d dT\ pc,0Kp
— |k = =2 P T -T)?
dx ( eff A%r dx j Vv (T a) (7)

Further simplification of Eq. 7 gives the governing differential equation for the fin as in
Eq. 8

2 c.gK

d I—p o9 'B(T—Ta)Z:O

dx theff (8)
where Kk, = ¢k, +(1-g)k,

The boundary conditions are expressed in Eq. 9

x=0, av =0

dx
x=L, T=T, 9)

The following dimensionless parameters in Eq. 9 were substituted into Eq. 8 to give Eq.
10;

_ ' 3 C
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(10)
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The dimensionless governing differential is Eq. 11 and the boundary conditions, is Eq.
12.

2
‘3'—92—:=,h¢92 =0

The boundary conditions are
X =0, a0 =0
dX (12)

X=1 6=1

2.2 Development of exact analytical solutions

Although, the nonlinear Eq. 11 looks somehow simple, it has been very difficult to
develop an exact analytical/closed-form solution for the equation. However, in this work,
an attempt was made to provide an exact analytical solution through the use of special
function. The procedures for obtaining the exact solution are given as follows.

In order to find exact analytical solution for Eq. 11, taking the transformation:—)f =¢,we

arrived at Eq. 13

dg )
£ _s5.62=0 13
dx " (13)

On integrating Eq. 13 w.r.t 6, we have Eq. 14

2
%—%eszc (14)

2
Recall that ¢=d_‘9 _>¢2:(d_9j
dX dX

Therefore, Eq. 14 becomes Eq. 15

2
1(%) _igﬁ =C (15)
2\ dX 3
With the application of the first boundary condition, X =0, :—5 =0 —>X=0, =6,
Sh 3
C = —?00 (16)

On substituting Eq. 16 into Eq. 15, we arrived at Eq. 17

1(dOY S, /5 4

which could be written as in Eq. 18

2
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Then

dX = d9 (19)

\/zsh g 25, 5
3 3

Since 0 increases as X increases, the positive sign is used when taking the square root .
Integrating Eg. 19 as in Eq. 20.

[ ax = 3 [/ a9 (20)
0 2S, % \/93_93
which gives Egs. 21 and 22.
1 o, 2 -1

1 _eo{m(ﬁ o) FMEJ
X = —

B

3 3

where ) ) (21)

. (1%,;,1_[9%)‘3] (22)

Where 6, is an unknown dimensionless tip temperature and the generalized
hypergeometric functions is given as in Eq 23.

qu(al,az,...,ap;yl,yz,...,yq;) ZH'l i (23)
Jl(j/l)kk!

Then, EqQ. 24 can be expressed as:
& (a), (b), 2"
F(ab,cz)=>) K2k
I'(c) a+k )T (b+k) z*

( F kZ:; I'(c+k) k!

(24)

The Gauss’s hypergeometric function F(a,b,c,z) is given as in Egs. 25 to 27.
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F(a,b,c,z)=Gauss" hypergeometric function,F, (a,b,c,z)

= L)jt“ (1-t)""(1-tz) " dt

I(c)C(c—b

Therefore,

(25)

(26)

(O (k) (%)) ]
s Grr(en ()

DR

(27)

The unknown 6, in the solution was determined by using the second boundary
condition; thus Eq. 27 gives the value for the unknown 6,

3.0 RESULTS AND DISCUSSION

The exact analytical method of solution for the non-linear thermal model was validated
by the fourth-Order Runge Kutta with shooting algorithm as presented by Kiwan (2007b)
and also with the numerical method (NM) and homotopy perturbation method (HPM)
results as presented by Petroudi et al. (2012) as shown in Figures 2-4.
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Figure 2: Comparison of results for Sp=1
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Figure 3: Comparison of GMWR and Exact results
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Figure 4;: Comparison of GMWR and Exact results

Figure 4 shows the effects of porous parameter on the temperature distribution in the
fin. From the results, it was observed that as the porosity parameter increases, the
temperature decreases rapidly. An increase in the rate of heat transfer through the fin
was also observed as the temperature in the fin drops (this becomes steeper i.e.
reflecting high base heat flow rates) as shown in the Figures 2 — 4. The rapid decrease
in fin temperature due to increase in the porosity parameter is because as porosity
parameter, Raleigh number increases, the permeability of the porous fin increases and
therefore the ability of the working fluid to penetrate through the fin pores increases. The
effect of buoyancy force increases and thus the fin transfer more heat, the rate of heat
dissipation or transfer from the fin is enhanced and there is an increase in the thermal
performance of the fin. Therefore, increase in the porosity of the fin improves fin
efficiency due to increasing in convection heat transfer.

It is hope that the developed exact analytical model will serve as basis for comparison of
any other method of analysis of the problem as displayed in this paper. Table 1 shows
comparison of results. From the results, we could establish that good agreements are
reached between the present exact analytical solutions and the numerical solutions.

Table 1. Comparison of result

X NM GMWR Exact solution

(The Present
study)
0.00 0.9581 0.9581 0.9582
0.10 0.9585 0.9585 0.9584
0.20 0.9597 0.9597 0.9595
0.30 0.9618 0.9618 0.9620
0.40 0.9647 0.9647 0.9648
0.50 0.9685 0.9685 0.9684
0.60 0.9730 0.9731 0.9730
0.70 0.9785 0.9785 0.9785
0.80 0.9846 0.9847 0.9848
0.90 0.9919 0.9919 0.9918
1.00 1.0000 1.0000 1.0000

4.0 CONCLUSION
Exact analytical solutions for the nonlinear equation arising during heat transfer in
porous fin has been studied. The developed model has been validated with numerical



8 M.G. Sobamowo and O.A. Adeleye JER 21(2) 1-10

method of solutions and the results were in good agreement. The developed exact
analytical model can be compared with other approximate analytical methods found in
the literature which are used for solving similar problems. The model also provide
platform for the exact analysis and improvement in the design of porous fin in heat
transfer equipment.
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Nomenclature

A: cross sectional area of the fins

A, profile area of the fins

Bi  Biot number

cp specific heat capacity, kJ/(kg /C)

Da Darcy number

Gr Grashof number

K thermal conductivity of the fin material

ka thermal conductivity of the fin material at ambient temperature
kp  thermal conductivity of the fin material at the base temperature of the fin
L  Length of the fin

M  dimensionless thermo-geometric fin parameter
m  thermo-geometric fin parameter

P perimeter of the fin

Pr  Prandtl number

Ra Rayleigh number

Sy porosity number

t thickness of the fin

T  Temperature

T. ambient temperature

Tp Temperature at the base of the fin

x  fin axial distance, m

X dimensionless length of the fin

u, V velocity

o fin base thickness

Greek Symbols

o conductivity of the medium

8 dimensionless temperature

Bp dimensionless temperature at the base of the fin
p density of the fin



