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Abstract

Natural convection boundary layer flow of a hot fluid past a cooler semi-infinite plate is analyzed using the method of
scale analysis. This kind of flow is a gravity opposing flow. For Prandt/ numbers greater than one, there exist two separate
boundary layers, namely, the thermal and viscous boundary layers. At moderate Prandtl numbers, these two layers are
almost identical but become distinct at higher Prandtl/ numbers. This is particularly so for heavy oils whose Prandt|
number can be as high as 100 000. As the Prandtl number increases, direct numerical integration of the governing
equations become inaccurate because there is a very small parameter multiplying the highest derivative. This small
parameter is the inverse of the root of the Prandtl number. The method of matched asymptotic expansion is therefore
used to compute temperatures, velocities, Nusselt number and skin friction coefficient at moderate and high Prandt!
numbers. Five terms inner expansion were matched with five terms outer expansion at the edge of the thermal boundary
layer. Results obtained showed that for Prandtl number of up to 100000, both the Nusselt number and skin friction
coefficient approached different asymptotes. Also, in all cases considered in this study, the skin friction coefficient and
Nusselt numbers for the cold plate immersed in hot fluid are greater than for the case of hot plate immersed in cold fluid
when they were compared.
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Nomenclature
b gravitational body force (m/s?) Greek symbols
g dimensionless inner 0 dimensionless inner
layer stream function ) layer temperature )
g dimensionless inner 6 dimensionless outer
layer velocity ) layer temperature )
G dimensionless outer n inner similarity coordinate ()
layer stream function (-) é outer similarity coordinate )
G’ dimensionless outer o velocity boundary layer )
layer velocity ) Or thermal boundary layer )
Nu Nusselt number ) € small parameter (Pr'?) )
p pressure (N/m?) p density (kg/m?)
Pr Prandtl number ) 9 kinematic viscosity (m?/s)
Ra Rayleigh number ) a thermal diffusivity (m%/s
T wall temperature O
Ts ambient temperature (°O)
u, v velocities in x, y coordinate (m/s)
X coordinate normal to wall (m)
y coordinate along wall (m)

1.0 INTRODUCTION

any engineering processes in industry make use of heavy oils which are either subjected to
heating or cooling. Therefore, it is of great importance that the skin friction on the walls as well
as heat transfer rates near and far from the wall is accurately predicted. In a previous study carried
out by Adewumi et al. [1], an analytical investigation of free convection flow over a heated vertical
plate using the Bejan’s method of scale analysis [2] was carried out and results obtained were
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compared with previous works by Kuiken [3], Bachiri and Bovabdallah [4] and Le Fevre [3, 4]. The
investigation by Adewumi et al. [1] showed that when the difference between Kuiken’s scaling
method and Bejan’s scaling method are taken into consideration for large Prandtl number flows,
the results obtained are very similar. Scale analysis has also been used for many unsteady free
convection flows [5, 6] and its advantage is that one can easily compare the dominant forces for
both low and high Prandtl number flows. The advantage of using scale analysis to obtain the
governing boundary layer equations is that two dimensionless parameters “arise” naturally which
are the Prandtl and the Rayleigh numbers. The aim of this study is to investigate a class of problems
where the temperature of ambient fluid is greater than that at the wall and compare results
obtained with the case where the temperature of the wall is greater than that of the fluid [1]. There
have been few studies on free convection gravity-opposing boundary-layer flows [7, 8] but none
have used the Bejan’s method of scale analysis with method of matched asymptotic expansion in
investigating heat transfer and skin friction. In this paper, results of temperature profiles, velocity
profiles, Nusselt number and shear stress in the inner (thermal) boundary layer for free convection
gravity-opposing flows are found and compared with results previously obtained for gravity-aided
flows using scale analysis, similarity formulation and the method of matched asymptotic expansion.
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Fig. 1 Gravity opposing fluid flow over a vertical wall

Figure 1 shows natural convection flow of a hot fluid at temperature T- over a cooler wall of height
H at temperature Ty. Fluid closest to the wall exchange heat with the wall and causes cooling of the
fluid which is denser than the hot fluid further from the wall. A cyclic movement occurs as shown in
the wall. The fluid is assumed to be Newtonian and steady flow. Also, all the thermo-physical
properties of the fluid are assumed to be constant except density and the Boussineq’s
approximation was used to obtain equation (2). The flow is known as gravity-opposing flow because
buoyancy forces as a result of heating pushes up the flow against gravity.

2.0 Model Formulation
Based on the boundary layer theory, the two-dimensional flow of a hot fluid over a cooler isothermal
wall can be mathematically modelled as in Eqg. 1

ou 0Jv
oy 0 (1)

ou ou 9%u
UE-FUE—Ua—yZ—b,B(T—TOO) (2)
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oT oT 9°T
ua+v$—aa—yz (3)

Subject to the boundary conditions in equation (4)

u=0 v=0, T=T, atx—-0
u-0 T=T, at x - o (4)

Where the last term in equation (2) is the usual buoyancy term and it opposes the motion in this study.
Dimensionless temperature 0 is defined as

g = 1T
Tw—Teo

(5)

3.0 METHODOLOGY
Following Bejan’s method of scale analysis and similarity formulation for large Prandtl number flows,
we introduce similarity variables in the thermal boundary layer as:

1 1
6T~(RaHPr) 4N = ;_T » Yinner = aRay4g(77) (5)

Similarly, the similarity variables in the velocity layer where inertia balances viscous term are,

1 1

1 = - 1
§~HPr2Ra,*, = %, Wouter = IR Pr72G(§) (6)

Substituting equations (5) and (6) into equations (2) to (3), we obtain

3 1 _

L90'=0 (7)
1 g/Z 3 172 " 0
prl2 299|779

(8)

Which are the inner layer equations subject to the boundary conditions as shown in equation (9).
g=0, g'=0,6=1atn=0 (9)
While the outer layer equations are,
3 I __ i"’u
S G0 =--0 (10)

1[6" 3 " __i no_ QN
ol 366" =567 -® an

Subject to the following boundary conditions,
G'=0,0=0 as E> (12)

For moderate Prandtl numbers, both inner and outer layers overlap and consequently,
(g=6), (6=0)
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For the case of large Prandtl numbers where the inner layer is quite distinct from the outer layer, the
method of matched asymptotic expansion is employed in this study.
Taking lim eg = ]fil’%G we have,

T]—)OO

Jim 0+ €[go () + €ga(n) + €2g,(n) + €3g3(m)] = limGo (&) + €61 () + €2G2(§) + €3G3(§) + €*G4($)
(13)

Go(§) = Goo + Go1& + Gppé% + Go3&> + Gpaé* + -
G1(&) = Gyo + G11& + G128% 4 G138 + -

G2(§) = Gpo + Gp1& + Gp8% + - ¢ (14)
G3(§) = G3o + G31§ + -+
G4(§) = Gyo + - J

9o(M) = Goo + Go11 + Yoz1?

91(M) = g10 + gu1n + g121*

92(0) = G20 + 9210 + G220* + g230° ( (15)
93(M) = gz0 + G311 + g32m* + G330 + gzan* +

Matching gives [5],

O (1): Goo=0 or Gu0)=0

O (e): 902 =0, go1 = Go1, Goo = G1o

O (e%): 912 = Goz, 911 = G11,  g10 = Gzo

O (€%): 923 = Goz, G2z = Gz, G21= G21, G20 = G3o

O (e*): 934 = Goa» g3z = Gi3,  Gg32 = G2, 931 = G31, G30 = Gao

These quantities become the initial conditions for G and boundary conditions for g. We also obtain

the 0(1), O(e), O(e?) and O(€e®) equations with all the missing boundary conditions.

4.0 RESULTS AND DISCUSSION

In this section, results obtained in this study where the temperature of the fluid is greater than that of
the wall (T,, < T, ) will be compared with results obtained from previous work done for the case where
the temperature of the wall was greater than that of the fluid (T,, > T,,) [1].

4.1 Temperature profiles and Nusselt number

Figure 2a shows the effect of Prandtl number on the temperature of the fluid moving over a cooler
wall. The results in the figure show that temperature increases as Prandtl number increases until it
reaches an asymptote. When the temperature profiles of the hot fluid flowing over a cooler wall is
compared with temperature results obtained for flow of cold fluid over a heated wall [1] as shown
in Figure 2b, we see that for this case the temperature decreases as Prandtl number increases until
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it reaches an asymptote. This is because Figure 2a shows what happens in a case of gravity-opposing
flows while figure 2b shows the case of gravity-aided flows. Also, the thermal boundary layer
thickness, Or,in Figure 2a is approximately 3 for the case of hot fluid over a cooler wall while for
the case of cold fluid over a heated vertical wall &7 is approximately 6 (as seen in Figure 2b). This
comparison shows that for this case of gravity-aided natural convection flow, the thermal boundary
layer is about 50% thicker than that of gravity-opposing flow.
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Figure 2(a) Similarity temperature profiles hot fluid over a cooler wall
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Figure 2(b) Similarity temperature profiles cold fluid over a heated wall
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Figure 3(a) Effect of increase in Prandtl number on NuRa, ' for a hot fluid over a cooler wall
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Figure 3(b) Effect of increase in Prandtl number on NuRa, " for a cold fluid over a heated wall
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Table 1: Comparison between NuRa,™* for gravity-opposing and gravity-aided flow

Py NuRa,™ NuRa, ™ % Difference
(gravity-opposing flow) (gravity-aided flow)
10 0.03839 0.46581 91.76
100 0.00605 0.49004 98.77
1 000 0.00696 0.49862 98.60
10 000 0.00788 0.50143 98.43
40 000 0.00813 0.50209 98.38
100 000 0.00822 0.50231 98.36

Figure 3 and Table 1 shows results of Nusselt number as Prandtl number increases for both gravity-
opposing and gravity-aided flows. The Nusselt number is calculated using the expression in equation
(16) below [1].

Nu

_1
R 1/, = —2 /Z(H(Sln:O + 691'11:0 + Ezeélnzo + 6395'7}:0) (16)
a
y

The product of Nusselt number and inverse of the Rayleigh number raised to a quarter plots for
Prandtl number range of 10 < Pr < 100,000 for this study is shown in Figure 3a. There is a sharp
decrease in NuRa,/# as the Prandtl number increases from 10 to 100. Thereafter, there is a steady
increase in NuRa, /% until it reaches an asymptotic value of approximately 0.008 as Prandtl number
increases from 100 to 100,000. This shows that for a hot fluid flowing over a cooler vertical wall, the
heat transfer rate for large Prandtl number fluids is very low. When these results are compared with
previous results obtained for a cold fluid flowing over a heated vertical wall [1] as shown in Figure
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3b, we see that as the Prandtl number increases, the NuRa,?* also increases steadily and
approaches an asymptotic value of 0.502. We can conclude from these results that gravity-opposing
flows cause a reduction of about 99% in the rate of heat transfer when compared to gravity-aided
flows.

4.2 Velocity profiles and shear stress

Figure 4a shows velocity profiles for this present study when hot fluid flows over a cooler vertical wall
for different Prandtl numbers. The negative value shows that the fluid is moving in the direction of
gravity close to the wall surface as shown in Figure 1. For Prandtl number of 10, the effect of the gravity-
opposing flow is negligible and as a result the fluid moves in an upward direction similar to the gravity-
aided flow. As the Prandtl number increases from 100 to 100,000, the velocity of the fluid increases
downward until it reaches an asymptote. Figure 4b shows results of velocities for a gravity-aided flow
previously obtained [1]. For this case, the velocity of the fluid increases upward as Prandtl number
increases until it reaches an asymptote. This difference in trend is expected because one case is a
gravity-opposing flow while the other is a gravity-aided flow.
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Figure 4(a) Similarity velocity profiles (approximate analytical results) for a hot fluid over a cooler wall
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Figure 4(b) Similarity velocity profiles (approximate analytical results) for a cold fluid over a heated wall
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Figure 5(a) Effect of increase in Prandtl number on dimensionless shear stress for a hot fluid over a cooler wall
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Figure 5(b) Effect of increase in Prandtl number on dimensionless shear stress for a cold fluid over a heated wall

Table 2: Comparison between dimensionless shear stress for gravity-opposing and gravity-aided flow

pr (gravity-opposing flow) (gravity-aided flow) % Difference
10 1.4692 1.0605 27.82
100 3.9732 1.1258 71.67
1 000 3.8484 1.1526 70.04
10 000 3.7747 1.1617 69.22
40 000 3.7566 1.1639 69.01
100 000 3.7498 1.1647 68.94

Results of dimensionless shear stress due to frictional effects of the vertical wall on the fluid are
shown in Figure 5 and Table 2. The expression for dimensionless shear stress is given in equation
(17) below [1].

g9"(0) = 1o—"——- (17)

\/fuoaRay 4

In Figure 5a, we see that the shear stress at Pr = 10 is very low compared to the shear stress value
at higher Prandtl numbers. As Prandtl number increases from 10 to 100, there is a sharp increase in
the value of the shear stress. Thereafter, as the Prandtl number increases from 100 to 100,000, the

10
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shear stress decreases until it reaches an asymptotic value of ~ 3.75. When we compare results of
shear stress for gravity-opposing and gravity-aided flow in Figure 5b [1], we see that shear stresses
are lower for flow of cold fluid over a heated wall. For this case, shear stress value increases as
Prandtl number increases until it reaches an asymptotic value of ~1.16.

5.0 CONCLUSION

This paper presented investigations into the free convection flow of hot fluid over a cooler wall using
numerical method and Bejan’s method of scale analysis with method of matched asymptotic
expansion. These methods were used to determine the inner layer velocity, temperature, Nusselt
number and shear stress for Prandtl numbers of 10 to 100,000. Results obtained were also
compared with previous results obtained for free convection flow of cold fluid over a heated wall
and the following conclusions were reached;

For the case of hot fluid flowing over a cooler wall, NuRa,/# approaches an asymptotic value of ~
0.008 which is much lower than the value previously obtained for cold fluid flowing over a heated
wall. Also, the shear stress decreases as Prandtl number increases from 100 to 100,000 until it
reaches an asymptotic value of ~3.75. The reverse was observed for cold fluid flowing over a heated
wall where shear stress increases with increase in Prandtl number until it reached an asymptotic
value of ~ 1.16.
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